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1. INTRODUCTION
The theory of Kac]Moody Lie algebras and their representations has
been one of the central areas of investigation for Lie algebra theory and
theoretical physics for over 10 years. Recently in the work of Frenkel,
w x w xLepowsky, and Meurman FLM and Borcherds B , among others, this
theory has been used in the study of the Monster simple group. The
construction of the Monster, M, together with an action on its Moonshineh w x w xModule, V , in FLM is based on an element of order 2 in M. In FLM a
symmetry is used which comes from an explicit isomorphism of standard
Ã w xlevel-one modules for the affine Lie algebra A . In FLM this additional1
symmetry is called ``triality.'' This idea is generalized to the Lie algebra A2
w xand, in principle, to A in DM using a generaized triality or ``n q 1-ality''n
w xdiscussed in M . Both of the constructions mentioned above are orbifold
constructions of the Monster.
The current result is a first step toward an alternative construction of
the Monster based on the Lie algebra D . To any even lattice L one can4 n
w xassociate a vertex operator algebra V as in FLM . One expects toL
construct M as the automorphism group of infinite-dimensional graded
vector spaces closely related to V for Niemeier lattices L. Specifically,L
using the result in this paper which gives an explicit isomorphism between
Ãbasic modules for D , one might construct M from the affine Lie algebra4 n$
6 6 . D associated to the Lie algebra D a direct sum of six copies of .4 4
. w xD . The construction of the Monster found in FLM corresponds to a4
w xZ -orbifold construction, while the cases found in DM are Z -orbifolds2 p
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 .6for certain primes p. The D case would correspond to a Z -orbifold4 6
construction of the Monster.
In this paper we will display an explicit isomorphism between standard
Ãlevel-one modules for the affine Kac]Moody Lie algebra of type D . We4 n
 .  .consider a group G of the form H ? SL 2 , a nonsplit extension of SL 23 3
by an elementary abelian group H of order 8, acting on the Lie algebra
 w x.D . It is well known see, e.g., CW that such a group is contained in the4 n
automorphism group of the integral Cayley numbers. To each involution in
H we are able to associate in a natural way a copy of each of the four
nonisomorphic irreducible highest-weight modules of level 1 for the
ÃKac]Moody Lie algebra of type D so that there is a natural permutation4 n
of the resulting 28 modules induced by the group G. The modules
constructed are of ``twisted'' or ``untwisted'' type depending on the action
of the involution on a Cartan subalgebra of D . In this way we obtain4 n
quite explicit isomorphisms between the modules constructed. We are
mainly concerned with the construction and explicit description of the
isomorphisms among these modules.
In Section 2 we will construct the finite-dimensional Lie algebra D4 n
beginning with an 8n-dimensional real vector space. In Section 3 we
describe a group of automorphisms, G, of D isomorphic to a nonsplit4 n
 . 3extension of SL 2 by Z . Section 4 is concerned with the affinization of3 2
D and the extension of the group G of Section 3 to this affinization.4 n
Section 5 describes the action of a certain subgroup, H, of the group G
 .preserving a Cartan subalgebra in a different and more useful way. In
Sections 6 and 7 we construct a vertex operator representation of the
affine Kac]Moody Lie algebras twisted by an automorphism in H whose
restriction to a Cartan subalgebra is y1. These modules are indexed by
four distinct characters of the group Z = Z . Sections 8 and 9 are2 2
concerned with the construction of vertex operator representations of the
affine Kac]Moody Lie algebras twisted by automorphisms in H whose
restriction to a Cartan subalgebra is q1. These modules are indexed by
the four cosets of the root lattice of type D in its dual. The final sections4 n
are devoted to displaying an explicit isomorphism between pairs of mod-
ules constructed in the previous sections. Specifically, in Section 10 we
show that the two types of modules are graded isomorphic. Sections 11 and
12 contain the final computations in order to display the explicit isomor-
phisms between the various pairs of modules.
2. THE LIE ALGEBRA
Beginning with an 8n-dimensional real vector space V ( R8 n, n g N,
 4with orthonormal basis e , e , e , . . . , e , we define the following0 1 2 8 ny1
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2 .bracket structure and bilinear form on L V :
w x 2 2 2?, ? : L V = L V ª L V , .  .  .
e n e , e n e s 2 d e n e q d e n e 2.1 .  . .i j k l i , l j k j , k i l
yd e n e y d e n e , . . .i , k j l j , l i k
 : 2 2? , ? : L V = L V ª C, .  .
2.2 . :e n e , e n e s 4 d d y d d . .i j k l i , l j , k i , k j , l
THEOREM 2.1. With the bracket structure defined abo¨e, extended by
2 .  :C-bilinearity, CL V is isomorphic to D , and ? , ? is an in¨ariant4 n
bilinear form.
Proof. It is not hard to see that the C-linear extension of the map
1f : e n e ¬ S , i - j, 2.3 . .i j i , j2
2 .  .is an isomorphism from L V to so 8n s D , where S s E y E ,4 n i, j i, j j, i
 .and E is the 8n = 8n matrix with a 1 in the i, j position and 0'si, j
 w x.elsewhere see, e.g., LM . Invariance of the form follows from a straight-
forward computation.
2 .Denote by g the Lie algebra CL V ( D . We will now choose a4 n
specific triangular decomposition of g. Consider the following orthonor-
’mal set where i s y 1 :Ã
i iÃ Ã4 ny1
f s e n e , e n e , 4  .  .j 8 k 8 kq1 8 kq2 8 kq4js0  2 2
ny1
i iÃ Ã
e n e , e n e , 2.4 .  .  .8 kq3 8 kq7 8 kq5 8 kq6 52 2 ks0
and define the following for k s 0, . . . , n y 1:
iÃ
a s e n e y e n e , .4 kq1 8 k 8 kq1 8 kq2 8 kq42
iÃ
a s e n e y e n e , .4 kq2 8 kq2 8 kq4 8 kq3 8 kq72
iÃ
a s e n e y e n e , .4 kq3 8 kq3 8 kq7 8 kq5 8 kq62
iÃ
a s e n e y e n e , k F n y 2, .4 kq4 8 kq5 8 kq6 8kq1. 8kq1.q12
iÃ
a s e n e q e n e . .4 n 8ny1.q3 8ny1.q7 8ny1.q5 8ny1.q62
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 :  44 nThen a , a s 2 ; i, and, in fact, a forms a simple root system ofi i i is1
type D .4 n
Let L be the root lattice, i.e.,
 :L s Z a , a , . . . , a . 2.5 .1 2 4 n
Then h s C m L is a Cartan subalgebra of g. Let F, Fq, and Fy denoteZ
the set of roots, positive and negative roots of g with respect to the simple
 44 n  root system a , respectively so that, in particular, F s a g L ¬i is1
 : 4. q  .a , a s 2 . Notice that any a g F can be written in the form ir2 eÃ i
.n e " e n e with i - j, k - l, and i - k. From now on we will use thisj k l
 4con¨ention when writing positi¨ e roots. We now define vectors x ¬ a g Fa
 . . qin the following way: For a s ir2 e n e y e n e g F ,Ã i j k l
1x s e n e y e n e q i e n e y e n e ,Ã . .a i k l j k j l i4
1x s e n e y e n e y i e n e y e n e .Ã . .ya i k l j k j l i4
 . . qFor a s ir2 e n e q e n e g F ,Ã i j k l
1x s e n e q e n e q i e n e q e n e ,Ã . .a i k l j k j l i4
1x s e n e q e n e y i e n e q e n e .Ã . .ya i k l j k j l i4
Consider the map
e : L = L ª Zr2Z,0
a , a ¬ 1, .iq1 i
a , a ¬ 1, .i i
a , a ¬ 1, .4 ny1 4 n
2.6 .
a , a ¬ 1, .4 n 4 ny2
a , a ¬ 0 otherwise, .i j
and extend by bilinearity to all of L = L. The map e is a bilinear 2-cocycle0
and
 :e a , a q e a , a ' a , a modulo 2. .  .0 i j 0 j i i j
THEOREM 2.2. The following bracket relations hold in g:
 :w x w x w xh , h s 0, h , x s y x , h s h , a xa a a
; h g h and a , b g F , 2.7 .
 :¡e a , ya a if a , b s y2, .
~  :e a , b x if a , b s y1, .w xx , x s 2.8 .aqba b ¢  :0 if a , b G 0,
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where
 .e a , b0e a , b s y1 . 2.9 .  .  .
 .LEMMA 2.3. It suffices to pro¨e the middle bracket relation of 2.8 for
pairs of roots a , b g Fq or a , b g Fy.
Proof. Suppose that the theorem is true for pairs of roots a , b g Fq
y q y  :or a , b g F . Let a g F and b g F be such that a , b s y1.
 :  : qThen a q b s g g F, so b , g s a , g s 1. If g g F , then we have
w x w x w xx , x s x , x s e g , yb x , x , x .a b gyb b g yb b
w x w xs e g , yb y x , x , x y x , x , x .  .yb b g b g yb
s e g , yb e yb , b b , x .  . .g
 :s e g , yb e yb , b b , g x .  . g
s e a , b x s e a , b x . .  .g aqb
yThe case where a q b g F is treated in the same manner.
 .Proof of Theorem 2.2. It is clear that h is abelian. Let a s ir2 e nÃ i
1q q.  . . e " e n e g F , b s ir2 e n e " e n e g F . Then x s eÃj k l o p m n a i4
1 .. ne " e n e q i e n e " e n e and x s e n e " e n e qÃk l j k j l i b o m n p4
 ..i e n e " e n e . SoÃ m p n o
iÃw xa , x s e n e " e n e , .b i j k l2
1
e n e " e n e q i e n e " e n eÃ . .o m n p m p n o4
1
s d d y d d " d d . d d " d d i , o j , p i , p j , o i , m j , n i , n j , m k , o l , p4
.d d q d d y d d .k , p l , o k , m l , n k , n l , m
= e n e " e n e q i e n e " e n eÃ . .o m n p m p n o
 :s a , b x .b
w x  .Since ?, ? is linear and h is spanned by L, 2.7 is proved.
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Next we compute the remaining bracket relations in g and show that
the coefficients of these brackets agree with the values given by the map e
 .of 2.9 .
1
w xx , x s e n e " e n e q i e n e " e n e ,Ã .a ya i k l j k j l i16
e n e " e n e y i e n e " e n eÃ .i k l j k j l i
1
s i ye n e . e n e " e n e q e n eÃ i j k l l k j i8
qe n e . e n e " e n e y e n e . .j i k l l k i j
iÃ
s y e n e " e n e .i j k l2
s ya .
Fix a s e n e y e n e g Fq and suppose that g g Fq is such thati j k l
 :a , g s y1. Then g is of the form g s e n e " e n e , with m ) k,k l m n
or g s e n e y e n e and i ) m. We obtainm n i j
1w xx , x s e n e y e n e q i e n e y e n e ,Ã . .a g i k l j k j l i4
1 e n e " e n e q i e n e " e n e . .Ãk m n l m l n k4
1s e n e . i e n e . e n e y i e n e .Ã Ã . i m i n j n j m8
yi e n e . e n e . i e n e q e n e .Ã Ã . .j m j n i n i m
1s e n e " e n e q i e n e " e n eÃ . .i m n j m j n i4
s x s x .e n e " e n e aqgi j m n
All cases are covered in those calculated above since
w x w xx , x s y x , xe n e ye n e e n e ye n e e n e ye n e e n e ye n ei j k l m n i j m n i j i j k l
s yx ,e n e ye n em n k l
w x w xx , x s y x , xe n e ye n e e n e qe n e e n e qe n e e n e ye n ei j k l k l m n k l m n i j k l
qx if k - m ,¡ e n e qe n em n i j
~qx if k ) m and m - i ,s e n e qe n em n i j¢yx if k ) m and i - m.e n e qe n ei j m n
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It is not hard to show that
e a , a ' 1 modulo 2, 2.10 .  .0
e e n e y e n e , e n e y e n e ' 0 modulo 2, 2.11 . .0 i j k l k l m n
e e n e y e n e , e n e y e n e ' 1 modulo 2, 2.12 . .0 i j k l m n i j
0 if k - m and m ) i ,
e e n e y e n e , e n e q e n e ' 0 if k ) m and m - i , .0 i j k l k l m n  1 if k ) m and i - m.
2.13 .
Comparing these values for e with the brackets computed above yields0
 .  :the first two bracket relations of 2.8 . Last, if a , b G 0 we know that
w xa q b f F, but x , x is in g s 0. This concludes the proof.a b aqb
2 .Comparing the elements in L V that appear as terms in x , a g F,a
and those that appear as terms in elements of h, a straightforward
computation yields:
THEOREM 2.4. The following relations are satisfied in g ; a , b g F:
 :  :h , x s x , h s 0, 2.14 .a a
e a , ya if a q b s 0, . :x , x s 2.15 .a b  0 if a q b / 0,
 .where e is as in 2.9 .
3. THE GROUP ACTION
Consider the following operators on R8 where we have again chosen an
 4orthonormal basis e , e , e , e , e , e , e , e :0 1 2 3 4 5 6 7
s s e e e e e e e , 3.1 .  .1 2 3 4 5 6 7
r s e e e e e e , 3.2 .  .  .1 2 4 3 6 5
d s dy e e e e , 3.3 .  .  .e , e , e , e 4 1 2 3 61 2 4 7
 4where, for any S ; e , e , e , e , e , e , e , e ,0 1 2 3 4 5 6 7
"e if e g S,k k"d e s 3.4 .S k  .e if e f S.k k
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We have used cycle notation in the following sense, for example: e e e1 2 3
. 8e e e e denotes the automorphism of R which acts on the orthonor-4 5 6 7
mal basis above via
e ª e ª e ª e ª e ª e ª e ª e ,1 2 3 4 5 6 7 1
w xand extends linearly. See CW for a proof of the following:
THEOREM 3.1. The group of automorphisms, G, of R8 generated by s, r,
 . 3and d is isomorphic to a nonsplit extension of SL 2 by Z .3 2
The action above gives a faithful group action of G on R8. To extend
8 n  4the action of G to R , choose an orthonormal basis e , e , . . . , e .0 1 8 ny1
 .Then for u g G such that u e s e when 0 F i, j F 7, we definei j
u e s u e .  .8 kqi 8 kqj
for 0 F k F n y 1. Then
 :G s s, r , d 3.5 .
2 8 n.acts faithfully on L R via
u e n e s u e n u e for u g G. .  .  .s t s t
THEOREM 3.2. G acts as Lie algebra automorphisms on g and preser¨ es
 :the form ? , ? .
Proof. For u g G we have that
u e n e , e n e s 2 u d e n e q d e n e . .i j k l i , l j k j , k i l
yd e n e y d e n e . . . /i , k j l j , l i k
s 2 d u e n e q d u e n e . . i , l j k j , k i l
yd u e n e y d u e n e . . .i , k j l j , l i k
s u e n e , u e n e . . .i j k l
That G preserves the form is clear.
Consider the following subgroup H ; G:
H s 1, dq , dq , dq , dq , e , e , e , e 4 e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 2 3 5 0 3 4 6 0 4 5 7
dq , dq , dq ( Z3 . 3.6 .4e , e , e , e 4 e , e , e , e 4 e , e , e , e 4 20 5 6 1 0 6 7 2 0 7 1 3
 .Then H 1 G and GrH ( SL 2 .3y
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PROPOSITION 3.3. H preser¨ es h. Moreo¨er,
1, dq , dq , dq act as q1 on h , 4e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1 0 7 1 3
dq , dq , dq , dq act as y1 on h. 4e , e , e , e 4 e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 2 3 5 0 3 4 6 0 4 5 7 0 6 7 2
Proof. Since h is spanned by L, the result follows from the action of H
on L.
It is not hard to see that:
PROPOSITION 3.4. The group G consists of inner automorphisms of the Lie
algebra g.
4. AFFINIZATION OF g
Form the Lie algebra
m 1r2 y1r2w xg s g C t , t [ Cc 4.1 .Ã
C
with indeterminate t1r2 and bracket relations
w m xx m t , c s 0,
m n mqn  :w x w xx m t , y m t s x , y m t q m x , y d cmq n , 0
1  :  .for x, y g g and m, n g Z and where ? , ? is the bilinear form of 2.2 .2
 . w 1r2 y1r2 xOne can also adjoin the derivation d degree operator of C t , t
n r2  . n r2given by t ¬ nr2 t . In this way we obtain g s g i Cd viaÄ Ã
w n x n nd , x m t s x m dt s x m nt ,
w xd , c s 0.
Let n be the automorphism of g induced from n : t1r2 ¬ yt1r2. It is clearÄ
that G commutes with n as operators on g , so we have the groupÄ
 :G = n acting on g. For u g G we let u denote the automorphism of gÄ Ã
determined by
u : c ¬ c,
u : x m t n ¬ u x m n t n .
For i g Zr2Z set
i
g s x g g : u x s y1 x . 4.2 .  . 4i
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Notice that
w x w x w xg , g ; g , g , g ; g , g , g ; g . 4.3 .0 0 0 0 1 1 1 1 0
Define the following u twisted affine Lie algebra:
w x  4g u s x g g : u x s xÃ Ã
w y1 x 1r2 w y1 xs g m C t , t [ g m t C t , t [ Cc 4.4 .0. 1.
and, finally,
w x w xg u s g u i Cd. 4.5 .Ä Ã
We want to express the bracket relations in the Lie algebra in terms of
generating functions. To this end, for x g g we let x denote the projec-i
tion of x onto g , i.e.,i
i1x s x q y1 u x for i g Zr2Z. 4.6 .  .  . .i 2
Also for x g g write
x s x for n g 2Z and x s x , for n g 2Z q 1. 4.7 .n 0 n
We set
yn r2 n r2 1r2 y1r2w x w xx z s x m t z g g u z , z . 4.8 .  .Ä . n
ngZ
w xPROPOSITION 4.1 FLM, Proposition 2.3.2 . For x, y g g we get the
following bracket relations among the generating functions defined abo¨e:
1 ii 1r2 1r2x z , y z s u x , y z d y1 z rz .  .  .  .  .  /1 2 2 1 22 igZr2Z
1 ii 1r2 1r2 :y u x , y D d y1 z rz c, .  .  /z 1 212 igZr2Z
c, x z s 0, .
d , x z s yDx z , .  .
w xd , c s 0,
 .where D is the deri¨ ation drdz z.
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Here we have used standard notation associated with the Dirac delta
function, namely,
d z s z n , . 
ngZ
Dd z s nz n . . 
ngZ
5. ANOTHER POINT OF VIEW
 q q q q 4Each of the elements in d , d , d , de , e , e , e 4 e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 2 3 5 0 3 4 6 0 4 5 7 0 6 7 2
  ..s U ; H acts as y1 on L L as in 2.5 . Consider the following exact
sequence of groups:
yÃ :1 ª k ª L ª L ª 1 5.1 .
 :   .. 2with commutator map ? , ? modulo 2 recall 2.2 and such that k s 1.
Thus
 :a , by1 y1 Ãaba b s y1 for a, b g L. 5.2 .  .
Choose a section
Ãe : L ª L, 5.3 .
a ¬ e ,a
 .so that with 2-cocycle e as in 2.6 ,0
 .e a , b0e e s y1 e for a , b g L. 5.4 .  .a b aqb
Ã Ã .   .  . 4Let f g Aut L; k s f g Aut L : f k s k be such that the induced
Ãmap f is y1 on L. The action of any such f on L can be described by a
quadratic form q from L into Zr2Z whose associated bilinear form is
 :  w x.given by ? , ? modulo 2 see, e.g., FLM, Proposition 5.4.3 . That is,
 .q a 1y1  :f e s y1 e and q a s a , a q l a .  .  .  .a a 2
for some linear form l on L. Furthermore, if we make the identification
x l x and x l yx , we can lift each f as above to g viaa e ye ea a a
Ã Ã qa . y1 qa .q e a , a .f x s f x s x s x s x 0a e f e y1. e y1. ea a a ya
 .  .q a qe a , a0s y1 x . . ya
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A simple counting argument yields:
Ã Ã .PROPOSITION 5.1. Any automorphism f of g such that f x s "xa ya
; a g L and whose restriction to h is y1 corresponds to a lifting of y1 on L
as described abo¨e.
 .It is easy to see that each u g U satisfies u x s "x . Thus to eacha ya
such u we can associate a quadratic form with associated bilinear form
1 :  .  :? , ? modulo 2. Any such bilinear form is of the form q a s a , a2
 .q l a where l is a linear form on L. More specifically, by reviewing the
action of each u on each x , we find the following correspondencesa i
between the automorphisms in U and linear forms:
dq ll a s 0 ; i , 5.5 .  .e , e , e , e 4 e , e , e , e 4 i0 2 3 5 0 2 3 5
dq ll a s 1 ; i , 5.6 .  .e , e , e , e 4 e , e , e , e 4 i0 3 4 6 0 3 4 6
1 if i ' 1, 3 mod 4 or i s 4n ,qd ll a s .e , e , e , e 4 e , e , e , e 4 i 0 4 5 7 0 4 5 7 0 if i ' 2, 4 mod 4 and i / 4n ,
5.7 .
0 if i ' 1, 3 mod 4 or i s 4n ,qd ll a s .e , e , e , e 4 e , e , e , e 4 i 0 6 7 2 0 6 7 2 1 if i ' 2, 4 mod 4 and i / 4n.
5.8 .
6. VERTEX OPERATORS IN CASE 1
In this section we consider only those automorphisms in H which act as
y1 on h. That is,
u g dq , dq , dq , dq s U ; H . 4e , e , e , e 4 e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 2 3 5 0 3 4 6 0 4 5 7 0 6 7 2
In this case the bracket relations in Proposition 4.1 simplify. Specifically,
using Proposition 4.1 and the action of u on g , we find:
PROPOSITION 6.1. For a , b g L and h g h, we get the following bracket
 .relations among the generating functions 4.8 :
m m :h m t , x z s h , a z x z , 6.1 .  .  .a a
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x z , y z .  .a 1 b 2
1 1r2 1r2 1r2 1r2¡ e a , ya a z d z rz y D d z rz c .  .  .  . .2 1 2 z 1 22 1
 :if a , b s y2,~s
1 1r2 1r2  :e a , b x z d z rz if a , b s y1, .  .  .aqb 2 1 22¢  :0 if a , b s 0,
c, x z s 0, .
d , x z s yDx z , .  .
w xd, c s 0.
  : .We obtain the remaining brackets i.e., for a , b ) 0 by using the fact
 .  .  :1r2 1r2that u x z s lim x z . For example, if a , b s 1, thena z ªyz a
 :ua , b s y1, so that since u x s "x we geta ya
x z , y z s " lim x z , y z . .  .  .  .a 1 b 2 ya 1 b 2
1r2 1r2z ªyz1 1
Recall that h s L m C. Consider the affinization of h:Z
Ã nw xh u s h m t [ Cc, 6.2 .[
ngZq1r2
Ä Ãw xh u s h i Cd. 6.3 .
Ãw xThen h u is a Heisenberg algebra. We will construct the canonical
Ã Ãw x w xHeisenberg module for h u . Consider the following subalgebras of h u :
b s h m t n [ Cc, 6.4 .@
n)0
y nÃw xh u s h m t . 6.5 .@
n-0
Let C1 be the one-dimensional b-module such that
h m t n 1 s 0 ; n ) 0, .
c1 s 1.
Ãhwu x yÃ Ã .  w x.  w x .   .Then M 1 s Ind C1 s U h u m C1 ( S h u where U ? isb Ub.
 . .the universal enveloping algebra and S ? is the symmetric algebra is an
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Äw x  .  .irreducible h u -module. Denote by a n the operator on M 1 corre-
1n  .sponding to a m t for a g h, n g Z q . Then, as operators on M 1 ,2
1 :a m , b n s a , b md for a , b g h , m , n g Z q , .  . mq n , 0 2
1d, a n s na n for a g h , n g Z q , .  . 2
and we define
1d 1 s y dim h. 6.6 .  .48
Ã  .Let T be an L-module such that k ¨ s y¨ ; ¨ g T. Then, as operators
 .on T , recalling 2.9 , we have
e e s e a , b e ; a , b g L. .a b aqb
 .We further require that u e s e as operators on T.a a
Form the vector space
yT Ãw xV s M 1 m T ( S h u m T . .  .L
Ã y T Ã y  w x ..  .  .   w x .. 4Embed End S h u and End T into End V and End S h u zL
T Ã . 4  . 4  .and End T z into End V z . Viewing M 1 as a trivial L-module andL
Ä Tw xT as a trivial h u -module, V can be viewed as the tensor productL
module. Let
deg T s 0 6.7 .  .
and give V T the tensor product grading, i.e., with d s d m 1 as the degreeL
T Ä Ãw xoperator. So V is an h u - and L-module viaL
c ¬ 1, 6.8 .
d ¬ d m 1, 6.9 .
1nh m t ¬ h n m 1, h g h , n g Z q , 6.10 .  .2
e ¬ 1 m e , a g L. 6.11 .a a
Define formal sums
a n .
" ynE a , z s exp z , 6.12 .  . /n .ng" Zq1r2
and operators on V T viaL
X e , z s 2y a , a :Ey ya , z Eq ya , z e . 6.13 .  .  .  .a a
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w x TWe obtain the following representation of g u on V :Ä L
w x  .THEOREM 6.2 FLM, Theorem 7.4.10 . The well-defined linear map
w x Tp : g u ª End VÄ L
determined by
c ¬ 1,
d ¬ d ,
1nh m t ¬ h n , h g h , n g Z q , . 2
x z ¬ X e , z , a g F , .  .a a
w x Tis a representation of g u on V .Ä L
w x w x. w xPROPOSITION 6.3 L ; see also FLM, Proposition 7.4.11 . The g u -Ä
T Ãw xmodule V is irreducible under g u if and only if the L-module, T , isÄL
Ã Ã Xirreducible under L. Gi¨ en another L-module T satisfying the same conditions
w x T T X w x w xas T , the g u -modules V and V are equi¨ alent under g u or g u if andÄ Ä ÃL L
X Ãonly if T and T are equi¨ alent under L.
7. ABOUT T
In this section we will construct explicit irreducible modules for each
 q q q q 4u g U s d , d , d , d which meet thee , e , e , e 4 e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 2 3 5 0 3 4 6 0 4 5 7 0 6 7 2
criterion discussed in the previous section. That is, we seek irreducible
Ã  .  .L-modules, T , so that k ¨ s y¨ ; ¨ g T and u e s e on T. It is nota a
hard to see that:
y1 Ã  . 4LEMMA 7.1. K s u e e : a g L is a central subgroup of L nota a
containing k .
ÃThus we seek LrK-modules on which k acts as y1. In order to
Ãaccomplish this, we want to determine the structure of LrK. To this end,
define the following subgroup of L:
 : 4R s a g L: a , L ; 2Z < 2L. 7.1 .
Ã ÃLet R be the pullback of R in L,
Ã :1 ª k ª R ª R ª 1.
Ã Ã Ã Ã 4 ny2w xLEMMA 7.2. R is the center of L, and L: R s 2 .
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Ã Ã ÃProof. That R is the center of L is clear. Let e g R and writeb
4 n  :b s  m a g R. So b , a g 2Z ; i s 1, . . . , 4n. So m ' m ' ???is1 i i i 1 3
' m ' m q m mod 2 and m ' m ' ??? ' m ' 0 mod 24 ny3 4 ny1 4 n 2 4 4 ny2
Ã Ã . w xgiving 4n y 2 independent mod 2 congruence relations. Thus L: R s
4 ny22 .
$
w xLEMMA 7.3. 2L: K s 2.
Proof.
$
 42L s e , k e : a g L ,2 a 2 a
 .  .q a qe a , a0K s y1 e : a g L . . 52 a
$
So either k e g K or e g K. Thus K l kK s B and K j kK s 2L. So2 a 2 a$
w x2L: K s 2.
Thus we have the following diagram:
$ Ã ÃK ª 2L ª R ª L,
$ $
4 ny2 4 nÃ Ã Ãw x w x w xwhere 2L: K s 2 and L, R s 2 . Furthermore, since L: 2L s 2$
4 nq1Ã Ã Ã Ã Ã Ãw x < <  .we have that R: 2L s 4. Let G s LrK. Then G s 2 , Z G s RrK
3 ÃX Ã Ã Ã ÃX 4 nw x  :( Z , G s G, G s k , and GrG ( Z . We will need the following2 2
 w x.lemma see, e.g., G :
LEMMA 7.4. For any finite 2-group, A, the Frattini subgroup of A,
 .denoted F A , satisfies:
 2 4F A s x : x g G s M . . F
w xA : M s2
Ã Ã Ã < <THEOREM 7.5. Let G s LrK. Then G ( E = Z = Z where E s2 2
24 ny1 and E is an extraspecial 2-group.
Ã ÃProof. Let H ; G so that
Ã Ã Ã .  .i Z G H s G.
Ã .  .ii H is minimal with respect to property i .
Ã Ã Ã Ã 2 Ã Ã .  .  .  4  .Notice that Z H s Z G l H. Also, F H s x : x g H 9 Z H since
Ã Ã Ã .  .  :  .F H 9 F G s k . Since Z G consists entirely of elements of order 2,
Ã Ã .but G itself does not have exponent 2, by property i H must contain
Ã Ã .  .elements of order 4 and thus F H / 1. In fact, it must be that F H s
Ã Ã Ã Ã :  .  . w xk . Therefore, either Z H s F H or ' M 9 H such that H: M s 2
Ã Ã Ã .  :  .and Z H ® M. In the latter case H s M [ z for some 1 / z g Z H .
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Ã Ã Ã Ã Ã .  .  .  .Since z g Z G , G s Z G H s Z G M, which contradicts property ii .
Therefore, we must be in the former case and so
Ã Ã Ã  :Z H s F H s F G s k . .  .  .
Ã Ã Ã 2 .  .Thus H is an extraspecial 2-group. Letting B s Z G y F H ( Z , we2
Ã Ã Ã Ã Ã Ã .have B l H s 1, BH s Z G H s G, and B and H commute. We can
Ã Ã Ãconclude that G s H = B ( H = Z = Z .2 2
w x < <PROPOSITION 7.6 FLM, Proposition 7.4.8 . There are exactly Rr2L
Ã Ãcharacters on the center of G s RrK :
Ã =x : RrK ª C
such that
x k s y1. .
Ã .For each such x , there is a unique up to equi¨ alence irreducible G-module
ÃT associated with the character x , and e¨ery irreducible G-module on whichx
k acts as y1 is equi¨ alent to one of these. We ha¨e
< <1r2dim T s LrR .x
 .To construct T , let A be any subgroup of L necessarily containing R and 2Lx
Ã :which is maximal such that x, L ' 0 mod 2 ; x g A. Then A, the pullback
Ã Ãof A in L, is a maximal abelian subgroup of L. Let
Ã =c : ArK ª C
be any homomorphism extending x and denote by C the one-dimensionalc
Ã Ã .A-module C with character c pulled back to A . Then
ÃL w xT ( Ind C s C C ( C LrA .Ã mx A c c
Ãw xC A
< < 4 ny1 22 ny1.q1Notice that E s 2 s 2 , so any maximal abelian subgroup
2 n Ãof E is of order 2 . Thus any maximal abelian subgroup, A, of G is of
2 nq2 Ãorder 2 . In addition, any such A contains RrK. Observe that
Ã  :RrK s z , z , k ,1 2
where
z s e and z s e . 7.2 .1 a qa q? ? ?qa qa 2 a qa q? ? ?qa qa1 3 4 ny3 4 ny1 1 3 4 ny3 4 n
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ÃGChoosing A, we get T s Ind C where C is as in Proposition 7.6. In thisA c c
w xmanner we obtain four inequivalent g u -modules indexed by four distinctÄ
Ãcharacters of RrK such that k acts as y1. For each character x of
Z = Z , we get an irreducible module, and different characters corre-2 2
spond to inequivalent modules. As corollaries to Theorem 6.2 we have:
ÃCOROLLARY 7.7. G has precisely four inequi¨ alent irreducible representa-
tions corresponding to four distinct characters of Z = Z .2 2
Ã TxCOROLLARY 7.8. Since T is an irreducible L-module, V is an irre-x L
w xducible g u -module.Ä
8. SHIFT VECTORS
In this section we seek vectors v in h such that v f L, 2v g L, and
1 mod Z if x g g ,a 12 :a , v ' 8.1 . 0 mod Z if x g g .a 0
Let L0 denote the dual lattice of L, i.e.,
0  :L [ a g h: a , L g Z . 8.2 4  .
Let D be the Cartan matrix associated to L and the ordered basis
 4a , a , . . . , a :1 2 4 n
2 y1 0 ? ? ? 0
y1 2 y1 ? ? ? 0
? ? ? ? ? ? ? ? ? ?
D s .0 0 ? ? y1 2 y1 0 0
0 0 ? ? y1 2 y1 y1 00 0 ? ? 0 y1 2 0
0 0 ? ? 0 y1 0 2
y1  y1 .T  4Then D s D s a wherei j
j if 1 F j F i F 4n y 2,¡
1 j if 1 F j F 4n y 2 - i ,2~a s nr2 if i s j s 4n y 1,i j
n y 1 r2 if i s 4n , j s 4n y 1, .¢nr2 if i s j s 4n.
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q  4If u s d , then x , x , . . . , x spans g , and we lete , e , e ,e 4 a a a 10 1 2 4 2 4 4 ny2
1 Ty1v s D 0, 1, 0, 1, . . . , 0, 1, 0, 0 .e , e , e , e 40 1 2 4 2
24ny21 8ni y i q 1 .
s a i /2 4i odd, is1
4ny2 28nk y k y 2k
q a k /4k even, ks1
2n 2n y 1 .
q a q a . 8.3 .  .4 ny1 4 n /2
LEMMA 8.1. With v as abo¨e, v f L, 2v ge , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 1 2 4 0 1 2 4
 .L, and v satisfies 8.1 . That is,e , e , e , e 40 1 2 4
1 ; i s 2, 4, . . . , 4n y 2,2 :a , v s 8.4 .i e , e , e , e 40 1 2 4  0 ; i s 1, 3, . . . , 4n y 1, 4n.
Proof. That v f L and 2v g L are clear. For i se , e , e , e 4 e , e , e , e 40 1 2 4 0 1 2 4
2, 4, . . . , 4n y 2,
 :a , v s a Dvi e , e , e , e 4 i e , e , e , e 40 1 2 4 0 1 2 4
1T1 y1s a D D 0, 1, 0, 1, . . . , 0, 1, 0, 0 s , . .i 2 2
and, for i s 1, 3, . . . , 4n y 1, 4n,
 :a , v s a Dvi e , e , e , e 4 i e , e , e , e 40 1 2 4 0 1 2 4
T1 y1s a D D 0, 1, 0, 1, . . . , 0, 1, 0, 0 s 0, . .i 2
 .  .  .and so 8.4 is satisfied. That 8.1 is satisfied follows from 4.3 and the
fact that G consists of Lie algebra isomorphisms.
Identical considerations may be used in the remaining cases which are
stated below without proof.
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For u s dq , lete , e , e , e 40 5 6 1
1 Ty1v s D 1, 0, 1, 0, . . . , 1, 0, 1, 1 .e , e , e , e 40 5 6 1 2
4ny2 21 8ni y i
s a i /2 4i odd, is1
4ny2 8nk y k y 1 k q 1 y 2k .  .
q a k /4k even, ks1
q2n2 a q a . 8.5 .  .4 ny1 4 n /
LEMMA 8.2. With v as abo¨e, v f L, 2v ge , e , e , e 4 e , e , e , e 4 e , e , e , e 40 5 6 1 0 5 6 1 0 5 6 1
 .L, and v satisfies 8.1 . In particular,e , e , e , e 40 5 6 1
1 ; i s 1, 3, . . . , 4n y 3, 4n y 1, 4n ,2 :a , v s 8.6 .i e , e , e , e 40 5 6 1  0 ; i s 2, 4, . . . , 4n y 2.
For u s dq lete , e , e , e 40 7 1 3
1 Ty1v s D 1, 1, 1, 1, . . . , 1, 1, 1, 1 .e , e , e , e 40 7 1 3 2
4ny2 2 2i q i 8n y 2n
s 2ni y a q a q a . 8.7 .  . i 4 ny1 4 n /4 4is1
LEMMA 8.3. With v as abo¨e, v f L, 2v ge , e , e , e 4 e , e , e , e 4 e , e , e , e 40 7 1 3 0 7 1 3 0 7 1 3
 .L, and v satisfies 8.1 . In particular,e , e , e , e 40 7 1 3
1 :a , v s ; i s 1, . . . , 4n. 8.8 .i e , e , e , e 4 20 7 1 3
9. VERTEX OPERATORS IN CASE 2
In this section we consider only those nonidentity automorphisms in H
which act as q1 on h. That is,
u g dq , dq , dq s W ; H . 4e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1 0 7 1 3
In this case the bracket relations in Proposition 4.1 simplify. Specifically,
using Proposition 4.1 and the action of u on g , we obtain.
ÃLEVEL-ONE MODULES OF D4 n 207
PROPOSITION 9.1. For a , b g L and h g h, we get the following bracket
 .relations among the generating functions 4.8 :
m m :h m t , x z s h , a z x z , 9.1 .  .  .a a
x z , y z .  .a 1 b 2
¡e a , ya a z d z rz q D d z rz c .  .  .  . .2 1 2 z 2 12
 :if a , b s y2 and x g g ,a 0
1r2 1r2e a , ya a z d z rz z rz .  .  .  . 2 1 2 1 2
1r2 1r2q n q 1r2 z rz c .  . 2 1 /
ngZq1r2~  :s if a , b s y2 and x g g ,a 1
e a , b x z d z rz .  .  .aqb 2 1 2
 :if a , b s y1 and x g g ,a 0
1r2 1r2e a , b x z d z rz z rz .  .  .  .aqb 2 1 2 2 1
 :if a , b s y1 and x g g ,a 1¢  :0 if a , b G 0,
c, x z s 0, .
d , x z s yDx z , .  .
w xd, c s 0.
w xConsider the following subalgebras of g u :Ä
Ä nh s h m t [ Cc [ Cd , 9.2 .
ngZ
Ã nh s h m t [ Cc, 9.3 .
ngZ
ÃX nh s h m t [ Cc. 9.4 .
 4ngZ_ 0
ÃXThen h is a Heisenberg algebra with canonical irreducible Heisenberg
ÃXy .  .  .module M 1 ( S h as in Section 6. Denote by a n the operator on
 . n  4M 1 corresponding to a m t for a g h, n g Z_ 0 . Then we have the
 .following relations among these operators on M 1 :
 :  4a m , b n s a , b md for a , b g h , m , n g Z_ 0 , .  . mq n , 0
 4d, a n s na n for a g h , n g Z_ 0 , .  .
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and we define
1d 1 s dim h. 9.5 .  .24
0   ..  44 n  44 nRecall L as in 8.2 , and let h denote the dual basis of a , i.e.,i is1 i is1
 : 0  4h , a s d . Then L rL s h q L, h q L, h q L, h q L wherei i i, j 0 1 4 ny1 4 n
we have chosen the coset representatives given below:
h s 0, 9.6 .0
1h s a q a q ??? q a q a , 9.7 .  .1 1 2 4 ny1 4 n2
1h s a q 2a q ??? q 4n y 2 a .4 ny1 1 2 4 ny22
q 2n a q 2n y 1 a , 9.8 .  .  ..4 ny1 4 n
1h s a q 2a q ??? q 4n y 2 a .4 n 1 2 4 ny22
q 2n y 1 a q 2n a . 9.9 .  .  ..4 ny1 4 n
Notice that 2h g L for all i s 0, 1, 4n y 1, 4n. For v g h y L0 such thati
2v g L, define
w 0 x aQ s C L q v s Ce , 9.10 .v
0agL qv
the ``group algebra'' on L0 q v so that eae b s eaqb ; a , b g L0 q v.
Furthermore, for any given coset L q h g L0rL, leti
w x aQ s C L q h q v s Ce . 9.11 .h , v ii
agLqh qvi
Ã  .Let L be as in 5.1 and define operators
h 0 : Q ª Q , . v v
9.12 .
b  : be ¬ h , b e ,
e : Q ª Q ,a v v
9.13 .
 .e a , 2 bb aqb0e ¬ i e , .Ã
 . 0where we write h 0 for the operator corresponding to h m t , h g h. Note
that the second action makes sense since 2b g L.
Ã .PROPOSITION 9.2. The action gi¨ en by 9.13 defines a group action of L
on Q .v
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Proof. Given a , b g L, eg g Q , we havev
e e ? eg s e i e0 b , 2g .e bqg s i e0a , 2 bqg ..qe 0 b , 2g .eaqbqg .Ã Ã .a b a
s i e0a , 2 b .qe 0aqb , 2g .eaqbqgÃ
 .e a , b e aqb , g . aqbqg g0 0s y1 i e s e e ? e . .  .  .Ã a b
ww y1 xxDefine another operator on Q z, z as follows, for a g L,v
a y1 y1w x w xz : Q z , z ª Q z , z ,v v 9.14 .
e b ¬ za , b :e b.
Form the vector space
ÃXyV s S h m Q . 9.15 . .L h , vh , v ii
Set
10deg 1 m e s dim h , 9.16 .  .24
1a  :deg e s y a , a . 9.17 .  .2
Ä Ãw xThen V is a module for h u and L viaL h , vi
c ¬ 1,
d ¬ d m 1 q 1 m d ,
h m t 0 ¬ 1 m h 0 for h g h , .
n  4h m t ¬ h n m 1 for h g h , n g Z_ 0 , .
ea ¬ 1 m e for a g L,a
z h ¬ 1 m z h for h g h.
For all a g L we define the following formal series:
ya n .
" ynE a , z s exp z , 9.18 .  . /n .ng" Zq
X e , z s Ey ya , z Eq ya , z e z aqa , a :r2 . 9.19 .  .  .  .a a
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We have the following theorem:
w x  .THEOREM 9.3 FLM, Theorem 7.2.1 . The operators 9.19 satisfy
X e , z , X e , z .  .a 1 b 2
 :¡0 if a , b G 0,
 :aq a , a r2
e a , b X e , z z rz d z rz .  .  .  .aqb 2 1 2 1 2~  :if a , b s y1,s
a a
e a , a a z z rz d z rz y D z rz d z rz .  .  .  .  .  . . /2 1 2 1 2 z 1 2 1 21¢  :if a , b s y2.
ÃXy .Let V s S h m Q . Then, as operators on V , V ,v v v ve , e , e , e 4 e , e , e , e 40 1 z 4 0 5 6 1
V , respectively, the brackets above take the following form:ve , e , e , e 40 7 1 3
X e , z , X e , z .  .a 1 b 2
¡e a , b X e , z d z rz .  .  .aqb 2 1 2
 :if a , b s y1 and x g g ,a 0
1r2 1r2e a , b X e , z d z rz z rz .  .  .  .aqb 2 1 2 2 1
 :if a , b s y1 and x g g ,a 1
e a , ya a z d z rz q D d z rz c .  .  .  . .2 1 2 z 2 12~s  :if a , b s y2 and x g g ,a 0
1r2 1r2e a , ya a z d z rz z rz .  .  .  . 2 1 2 1 2
1r2 1r2q n q 1r2 z rz c .  . 2 1 /
ngZq1r2
 :if a , b s y2 and x g g ,a 1¢  :0 if a , b G 0.
9.20 .
Thus we have:
THEOREM 9.4. The linear maps
qp : g d ª V ,Ä1 e , e , e , e 4 v0 1 2 4 e , e , e , e 40 1 2 4
qp : g d ª V ,Ä2 e , e , e , e 4 v0 5 6 1 e , e , e , e 40 5 6 1
qp : g d ª VÄ3 e , e , e , e 4 v0 7 1 3 e , e , e , e 40 7 1 3
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determined by
c ª 1, 9.21 .
d ª d, 9.22 .
h m t n ¬ h n , h g h , n g Z, 9.23 .  .
x z ¬ X e , z , a g F , 9.24 .  .  .a a
w q x w q x w q xare representations of g d , g d , g d onÄ Ä Äe , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1 0 7 1 3
V , V , V , respecti¨ ely.v v ve , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1 0 7 1 3
The modules described in Theorem 9.4 each decompose into four
irreducible representations indexed by the cosets of L0rL. That is:
THEOREM 9.5. We ha¨e that
ÃXyV s S h m Q .[v h , ve , e , e , e 4 i e , e , e , e 40 1 2 4 0 1 2 4is0, 1, 4 ny1, 4 n
s V , 9.25 .[ h , vi e , e , e , e 40 1 2 4is0, 1, 4 ny1, 4 n
ÃXyV s S h m Q .[v h , ve , e , e , e 4 i e , e , e , e 40 5 6 1 0 5 6 1is0, 1, 4 ny1, 4 n
s V , 9.26 .[ h , vi e , e , e , e 40 5 6 1is0, 1, 4 ny1, 4 n
ÃXyV s S h m Q .[v h , ve , e , e , e 4 i e , e , e , e 40 7 1 3 0 7 1 3is0, 1, 4 ny1, 4 n
s V 9.27 .[ h , vi e , e , e , e 40 7 1 3is0, 1, 4 ny1, 4 n
w 0 xare decompositions of V , V , and V into L : L s 4v v ve , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1 0 7 1 3
w q x w q xpairwise distinct irreducible modules for g d , g d , andÄ Äe , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1w q xg d , respecti¨ ely.Ä e , e , e , e 40 7 1 3
Proof. Let M be a nonzero submodule of V, where V is one of the
w xabove summands. Since g u , for u g W, contains the Heisenberg algebraÄ
ÃX ÃXy  ..  .h see 9.4 , we have that M s S h m V for some nonzero subspace V
 4  .of Q g Q , Q , Q . M is also invariant under a 0v v v ie , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1 0 7 1 3
; i s 1, . . . , 4n, for which Cea are eigenspaces with distinct eigenvalues.
Thus
ÃXy w xW s S h m C S 9.28 . .
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for some nonempty subset S of Q for v g v , v ,h, v e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1
4v . Furthermore,e , e , e , e 40 7 1 3
Ey a , z X e , z Eq a , z zyaya , a :r2 s e . 9.29 .  .  .  .a a
 .Thus M must be invariant under e ; a g F. So S, as in 9.28 , must be aa
union of ``cosets'' of L in L0 q v. Hence S s Q and so M s V. Thush , vi
each V in the decompositions above is irreducible. Noting that sets ofh , vi
  .44 neigenvalues of a 0 on each irreducible summand are distinct, we geti is1
 .  .  .that the decompositions 9.25 , 9.26 , and 9.27 are of distinct irreducible
w xg u -modules for u g W.Ä
10. A GRADED ISOMORPHISM
We have constructed, on the one hand, four inequivalent irreducible
w x Trepresentations of g u , u g U, on the modules V indexed by irreducibleÄ L
ÃLrK modules T , which in turn can be associated to four distinct characters
Ã .on Z LrK such that k acts as y1. On the other hand, we have four
w xinequivalent irreducible representations of g u , u g W, on the modulesÄ
V indexed by coset representatives h g L0rL. In both cases the centralh, v
w xelement c g g acts as 1. Using, for example, Theorem 8.3 of K , sinceÃ
 .  .G ; Inn g Corollary 3.4 , we have:
PROPOSITION 10.1. For any u , f g G,
w x w xg u ( g f ( g .Ä Ä Ä
Consider the following general situation: u , f g H and t g G such that
ty1ft s u . Then
y1 w x w xt : g f ª g u ,Ä Ä
x m t n ¬ ty1 x m t n , ; x g g , . 10.1 .
c ¬ c,
d ¬ d
w x w xgives an isomorphism between g u and g f . Furthermore, the Kac]Ä Ä
ÃMoody Lie algebra of type D has precisely four inequivalent irreducible4 n
standard modules of level 1. So the modules constructed above must be
isomorphic in pairs for distinct automorphisms in H. Let M and M beu f
w x w xmodules for g u and g f , respectively. Consider the following action ofÄ Ä
w xg f on M :Ä u
y1 w xx( m s t x m for x g g f , m g M . 10.2 .  .Ä u
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It is easy to check that:
w x  .PROPOSITION 10.2. M becomes a module for g f ¨ia the action 10.2Äu
abo¨e.
Next we want to show that the isomorphisms between modules given by
Proposition 10.2 are graded isomorphisms. Because the modules are irre-
ducible and the isomorphisms between the Kac]Moody Lie algebras
preserve degree, we need only show that the lowest weight spaces i.e., the
 .  .  .vacuum spaces, where we have set weight x s wt x s ydeg x ; x g
w x.  .g u have the same degree. With the grading shifts given by 6.6 andÄ
 .9.16 , we have that
 .dim h
h q .yÃdim# S h s for u g U, 10.3 . . / 1r2 /h q .
 .dim h1
yÃdim# S h s for u g W , 10.4 . . /  /h q .
 . 1r24  .where h is the classical Dedekind h-function, h q s q f q s
1r24  n.q  1 y q . Thus we have, for u g U, the lowest weight space inng Zq
T  .   ..V is 1 m T. Since deg T s 0 see 6.7 , we have thatL
1deg 1 m T s y dim h. 10.5 .  .48
 .Using 9.17 , we see that the lowest weight space of modules M , u g W, isu
a  :given by 1 m e where a , a is minimal in L q h q v. Thus we need toi
 . 0minimize the length of a in any given shifted coset of L in L .
THEOREM 10.3. The minimum length of any element of L q h q v fori
 4i s 0, 1, 4n y 1, 4n and v g v , v , v is nr2.e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1 0 7 1 3
Proof. Each case must be treated separately. First we find a vector of
length nr2 and then show that there is no vector of shorter length. We
give the complete calculation only for L q h q v . In the remain-0 e , e , e , e 40 1 2 4
ing cases we will give a decomposition of the spaces Q , i s 0, 1, 4n yh , vi
 .1, 4n, as in 10.6 below and leave to the reader the straightforward
verification that the corresponding ``shift'' vector is of length nr2 and that
this is indeed the minimum possible length.
 .  .  .For L q h q v , recalling 8.4 , 9.6 , and 9.11 , it is clear that0 e , e , e , e 40 1 2 4
if 2 divides n we can write
ny11
Q s C L q a . 10.6 .h , v 4 iq10 e , e , e , e 40 1 2 4  /2 is0
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Since a s ny1a is the sum of n orthogonal roots, it is obvious thatis0 4 iq1
1 1 1 :  :a , a s 2n and therefore a , a s nr2. Since a g Q ith , v2 2 2 0 e , e , e , e 40 1 2 4
only remains to show that there is no shorter vector in Q . Toh , v0 e , e , e , e 40 1 2 4
this end, notice that any element g g Q can be written as ah , v0 e , e , e , e 40 1 2 41sum, g s a q b with b g L, i.e.,2
4n1
g s a a , i i2 is0
where a g 2Z if i k 1 modulo 4 and a g 2Z q 1 if i ' 1 modulo 4. Wei i
 4  .express g in terms of the orthonormal set f , f , . . . , f as in 2.4 . We0 1 8 ny1
have that
4ny11
g s a f y f q a f q f .  . . i iy1 i 4 n 4 ny2 4 ny1 /2 is1
4ny31
s a y a f q ya q a q a f .  . . iq1 i i 4 ny2 4 ny1 4 n 4 ny12 is0
q a y a f , .4 ny1 4 n 4 ny1 /
and so
4ny31 2 2 :g , g s a y a q a q a y a .  . iq1 i 4 ny1 4 n 4 ny24 is0
2q a y a . .4 ny1 4 n /
Each of the summands is greater than or equal to 0, and if the number to
be squared is odd, then its square is greater than or equal to 1. The term
 .a y a is odd if and only if i ' 0 or 1 modulo 4. The last two termsi iy1
 .  .  .a q a y a and a y a are even. Thus we have 2 4nr44 ny1 4 n 4 ny2 4 n 4 ny2
odd terms. So we have
1 n
 :g , g G 2n s . .
4 2
We proceed without proof in the remaining cases.
ÃLEVEL-ONE MODULES OF D4 n 215
 .For L q h q v , if 2 divides n, using 9.7 , we can write1 e , e , e , e 40 1 2 4
ny11
Q s C L q a q a q a , 10.7 .  .h , v 4 iq1 4 ny1 4 n1 e , e , e , e 40 1 2 4  /2 is0
1 ny1  . .and v s  a q a q a is a vector of length nr2.is0 4 iq1 4 ny1 4 n2
 .For L q h q v , if 2 divides n, using 9.8 , we can write4 ny1 e , e , e , e 40 1 2 4
ny21
Q s C L q a q a , 10.8 .  .h , v 4 iq3 4 n4 ny1 e , e , e , e 40 1 2 4  /2 is0
1 ny2  . .and v s  a q a is a vector of length nr2.is0 4 iq3 4 n2
 .For L q h q v , if 2 divides n, using 9.9 , we can write4 n e , e , e , e 40 1 2 4
ny21
Q s C L q a q a , 10.9 .  .h , v 4 iq3 4 ny14 n e , e , e , e 40 1 2 4  /2 is0
1 ny2  . .and v s  a q a is a vector of length nr2.is0 4 iq3 4 ny12
If n is odd, the cases above are permuted. That is, for odd n, vectors in
 .L q h q v are of the form 10.7 . Similarly, vectors in L q h q0 e , e , e , e 4 10 1 2 4
 .v are of the form 10.6 . Vectors in L q h q v ande , e , e , e 4 4 ny1 e , e , e , e 40 1 2 4 0 1 2 4
 .  .L q h q v are of the form 10.9 and 10.8 , respectively.4 n e , e , e , e 40 1 2 4
 .  .  .  .Using 8.5 , 9.11 , and 9.6 ] 9.9 , we can write
ny11
u s C L q a , 10.10 .h , v 4 iq20 e , e , e , e 40 5 6 1  /2 is0
ny11
Q s C L q a q a q a , 10.11 .  .h , v 4 iq2 4 ny1 4 n1 e , e , e , e 40 5 6 1  /2 is0
ny21
Q s C L q a q a q a .h , v 4 iq1 4 iq2 4 iq34 ny1 e , e , e , e 40 5 6 1 2 is0
qa q a q a , 10.12 .4 ny3 4 ny2 4 n /
ny21
Q s C L q a q a q a .h , v 4 iq1 4 iq2 4 iq34 n e , e , e , e 40 5 6 1 2 is0
qa q a q a . 10.13 .4 ny3 4 ny2 4 ny1 /
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1 1 1ny1 ny1 ny2 .   . .  The vectors  a ,  a q a q a ,  ais0 4 iq2 is0 4 iq2 4 ny1 4 n is0 4 iq12 2 2
1 ny2. .  qa q a q a q a q a , and  a q a q4 iq2 4 iq3 4 4 ny2 4 n is0 4 iq1 4 iq22ny 3
. .a q a q a q a are of length nr2.4 iq3 4 ny3 4 ny2 4 ny1
 .  .  .  .Using 8.7 , 9.11 , and 9.6 ] 9.9 , if n is even, we can write
ny11
Q s C L q a q a , 10.14 .h , v 4 iq1 4 iq20 e , e , e , e 40 7 1 3  /2 is0
ny11
Q s C L q a q a q a q a , .h , v 4 iq1 4 iq2 4 ny1 4 n1 e , e , e , e 40 7 1 3  /2 is0
10.15 .
ny21
Q s C L q a q a q a q a , .h , v 4 iq2 4 iq3 4 ny2 4 n4 ny1 e , e , e , e 40 7 1 3  /2 is0
10.16 .
ny21
Q s C L q a q a q a .h , v 4 iq1 4 iq2 4 iq34 n e , e , e , e 40 7 1 3 2 is0
qa q a q a . 10.17 .4 ny3 4 ny2 4 ny1 /
1 1ny1 ny1 .   .The vectors  a q a ,  a q a q a qis0 4 iq1 4 iq2 is0 4 iq1 4 iq2 4 ny12 2
1 1ny2 ny2.   . .  a ,  a q a q a q a , and  a q a4 n is0 4 iq2 4 iq3 4 ny2 4 n is0 4 iq1 4 iq22 2
. .q a q a q a q a are of length nr2.4 iq3 4 ny3 4 ny2 4 ny1
If n is odd the cases above are permuted. That is, for odd n, vectors in
 .L q h q v are of the form 10.15 . Similarly, vectors in L q h0 e , e , e , e 4 10 7 1 3
 .qv are of the form 10.14 . Vectors in L q h q ve , e , e , e 4 4 ny1 e , e , e , e 40 7 1 3 0 7 1 3
 .  .and L q h q v are of the form 10.17 and 10.16 , respectively.4 n e , e , e , e 40 7 1 3
In all of the above cases we have that, for each vector space L q h q vi
 4where i s 0, 1, 4n y 1, 4n and v g v , v , v ,e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1 0 7 1 3
there is a vector of length nr2, and that there is no vector of smaller
length. Thus the theorem is proved.
COROLLARY 10.4. The lowest weight space of modules M , u g W, isu
a  :spanned by elements 1 m e where a , a s nr2. So we ha¨e that
1 1 n
adeg 1 m e s dim h q y .  / /24 2 2
1 n n 1
s 4n y s y s y dim h .
24 4 12 48
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and thus the lowest weight in M , f g W, is equal to the lowest weight in M ,f u
u g U.
w xCOROLLARY 10.5. The Kac]Moody Lie algebras g u for u g H areÄ
graded isomorphic.
11. AN EXPLICIT ISOMORPHISM
In order to determine the explicit pairing among the modules associated
 42 2 ny1  42 2 ny1 Tto u , f g H, we seek bases u , ¨ for the vacuum spaces of Vi is1 i is1 L
and V , respectively, such thath, v
a 0 ¨ s l ¨ and ty1 a 0 u s l u 11.1 .  .  .  .  . .k i k i k i k ii i
 .with t as in 10.1 .
 :  . gUsing that ? , ? is nondegenerate and the action of a 0 on e , wek
obtain:
 4PROPOSITION 11.1. Consider a set of eigen¨alues l for 1 F k F 4nk j2 ny1  .  42 2 ny1and 1 F j F 2 of a 0 on some basis of eigen¨ectors ¨ gk i is1
 .  . .  . 2 ny1V ; that is, a 0 ¨ s l ¨ for 1 F k F 4n, 1 F j F 2 .h, v yn r12 k j k jj
 4Then, for fixed j, '! i g 0, 1, 4n y 1, 4n , such that there is some ¨ector
w x  . .¨ g C L q h q v with the property that a 0 ¨ s l ¨ .i k k j
T w xSo, given a module V for g u , u g U, and a set of modules V forÄL h , viw y1 x w xg tut s g f , such that f g W, it suffices to find a single eigenvectorÄ Ä
 T . g  .u g V and e g V such thatL yn r12 h , v yn r12i
ty1 a 0 u s l u and .  . .k k
g  : g ga 0 e s a , g e s l e ; k s 1, . . . , 4n , . .k k k
in order to conclude that V T ( V . We have established:L h , vi
T w x w xTHEOREM 11.2. Gi¨ en modules V and V for g u and g f ,Ä ÄL h , viy1  T .respecti¨ ely, such that u s t ft , if there exists ¨ g V and u gL yn r12
 .V such thath , v yn r12i
ty1 a 0 ¨ s l ¨ and a 0 u s l u ; k .  .  . .k k k k
then
V T ( V .L h , vi
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We begin by describing the modules T in some detail. First recall that
each T can be written as an induced module of a one-dimensional module
Ãfor a maximal abelian subgroup of LrK. Furthermore, the order of any
Ã 2 nq2 Ãmaximal abelian subgroup A of LrK is 2 , RrK ; A, and
Ã 3 :RrK s z , z , k ( Z ,1 2 2
 .   . y1 4where z and z are as in 7.2 . Since K s u e e : a g L s1 2 a a
 .qa .qe 0a , a . 4 2  .e0a , a .y1 e : a g L and e s y1 e , we have that e has2 a a 2 a a
Ã Ãorder 2 or 4 in LrK. In LrK,
1 :e has order 2 m q a s a , a q l a ' 0 modulo 2 .  .a i i i i2i
m l a ' 1 modulo 2. .i
Examining each l , l , l , l associatede , e , e , e 4 e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 2 3 5 0 3 4 6 0 4 5 7 0 6 7 2
to each dq , dq , dq , dq , respectively, we seee , e , e , e 4 e , e , e , e 4 e , e , e , e 4 e , e , e , e 40 2 3 5 0 3 4 6 0 4 5 7 0 6 7 2
 .that all of the e for odd i and i s 4n and all of the e for even ia ai i
 .i s 4n excluded have the same order. Furthermore, each set mentioned
forms a set of commuting elements. Consider the following subgroups of
ÃLrK :
 :A s k , z , z , e , e , . . . , e , 11.2 .1 1 2 a a a1 3 4 ny3
 :A s k , z , z , e , e , . . . , e . 11.3 .2 1 2 a a a2 4 4 ny2
It is easy to see that:
PROPOSITION 11.3. A and A are abelian of order 22 nq2.1 2
 .  . yn  .Recall the operators X e , z s  x n z as in 6.13 where eacha ng Q a i
 . Tx n , n g Q, is an operator on V called a ``component operator.'' Wea Li
q .  .   .. .will use the action of each x 0 s x 0 q u x 0 on 1 m T. It is nota a ai i i
hard to see that the twisted representation of Theorem 6.2 gives the
q .following representation of x z :a
xq z ¬ Xq e , z s X e , z q X u e , z . .  .  .  .a a a a
q .  .Notice that E ya , z kills the vacuum space 1 m T since a n 1 s 0
y .; n ) 0 and E ya , z contributes only positive powers of z. Thus,
 . y a i, a i: q . y a i, a i:on 1 m T , x 0 s 2 e and, similarly, x 0 s 2 e qa a a ai i i i
1y a , a :i i  .  .2 u e s e q u e . But we have chosen T so that u e acts asa a a a4i i i
e ; a g L. So we have thata
1x 0 s e as operators on 1 m T . 11.4 .  .a a2i i
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Ã .  :We will need a character x on Z G s RrK s z , z , k such that k1 2
acts as y1. Say,
Ã =x : RrK ª C ,
k ¬ y1,
11.5 .
z ¬ a where a s "1,1 1 1
z ¬ a where a s "1.2 2 2
We will complete all the calculations for an explicit pairing of our
modules only for the pair of automorphisms dq and dq ine , e , e , e 4 e , e , e , e 40 1 2 4 0 2 3 5
G afforded by the relationship:
sdq sy1 s dq . 11.6 .e , e , e , e 4 e , e , e , e 40 1 2 4 0 2 3 5
 .We begin by describing the action of s a on T and for k s 1, . . . , 4nk
and for T associated to dq . To this end, we record the action of se , e , e , e 40 2 3 5
on a for convenience, we have set a s a q 2a q 2a q ???Ãi i i iq1 iq2
q2a q a q a for i s 1, . . . , 4n y 2, and a s a , i.e., ifÃ4 ny2 4 ny1 4 n 4 ny1 4 n
.a s e n e y e n e , then a s e n e q e n e :Ãi m l o p i m l o p
iÃ q q q qs a s x q x y x y x i ' 1 mod 4, 11.7 .  . .i a a a aÃ Ãi i iq2 iq22
iÃ q q q qs a s x q x q x y x i ' 2 mod 4, 11.8 .  . .i a a a aÃ Ãiq1 iq1 iy1 iy12
iÃ q q q qs a s yx q x q x y x i ' 3 mod 4, 11.9 .  . .i a a a aÃ Ãiy2 iy2 i i2
iÃ q q q qs a s yx q x y x y x i ' 0 mod 4, 11.10 .  . .i a a a aÃ Ãiy1 iy1 iq1 iq12
iÃ q q q qs a s yx q x y x q x . 11.11 .  . .4 n a a a aÃ2 ny3 2 ny3 2 ny1 2 n2
Keeping in mind that we are concerned with the pairing sdq sy1e , e , e , e 40 1 2 4
q Ãs d , choose the maximal abelian subgroup of LrK to be A as ine , e , e , e 4 10 2 3 5
 .11.2 . Then
ÃL w xT s Ind C ( C LrA . 11.12 .ÃA c
 :So, in fact, T s A, e , e , . . . , e where we use the underbar nota-a a a2 4 4 ny2
tion to denote the element in the quotient space. Thus it is clear that A
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 .  .or 1 is an eigenvector for each s a above. We need more informationi
in order to calculate the eigenvalues.
ÃLEMMA 11.4. In LrK, each e is of order 4.a i
 .  .Proof. Recall from 5.5 that l a s 0 ; i. So we have thate , e , e , e 4 i0 2 3 5
dq e ey1 s e ey1 s k e e s e .e , e , e , e 4 a a ya a ya ya y2 a0 2 3 5 i i i i i i i
and therefore e g K ; i. The result now follows from the fact that2 a i
2 .e s k e .a 2 ai i
ÃNext we must choose a character c on ArK extending x . So define the
following:
Ã =c : ArK ª C ,
11.13 .
e ¬ i .Ãa j
LEMMA 11.5. The action of each e on T is gi¨ en byÃa i
e s a a e .Ãa 1 2 ai i
Proof. Since each e g K and K acts trivially on T , we have that, as2 a i
operators on T ,
e s e . 11.14 .a a qa qaÃ i i 4 ny1 4 n
 .Furthermore, since e a , a s 1 we have that0 4 ny1 4 n
e s ye e e .a qa qa a a ai 4 ny1 4 n i 4 ny1 4 n
 .Observing that each e acts as i on T and e a , a s 1, we getÃa 0 i ii
2 ny1e s y1 e e ??? e z , .a a a a 14 ny1 1 3 4 ny3
2 ny1e s y1 e e ??? e z . .a a a a 24 n 1 3 4 ny3
Combining the facts above yields that, as operators on T ,
2 ny1 2 ny1 2 ny1 2 ny1e s y y1 i z y1 i z e .  .  .  .Ã Ã .a 1 2 aÃ i i
s z z e s a a e .1 2 a 1 2 ai i
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 .  .Using Lemma 11.5 and 11.7 ] 11.11 , we get the following:
 .PROPOSITION 11.6. The ¨ector 1 g T is an eigen¨ector for s a ; i withi
eigen¨alues gi¨ en below:
s a 1 s 0, i ' 1 mod 4, i - 4n y 3, .i
1s a 1 s y , i ' 2 mod 4, i - 4n y 2, .i 2
s a 1 s 0, i ' 3 mod 4, i - 4n y 2, .i
1s a 1 s , i ' 0 mod 4, i - 4n , .i 2
2 n 2 n1s a 1 s y1 y a a q i a q i a , i s 4n y 3, .  .  .Ã Ã .i 1 2 1 24
2 n 2 n1s a 1 s y i a q i a q 1 y a a , i s 4n y 2, .  .  .Ã Ã .i 1 2 1 24
2 n 2 n1s a 1 s 1 y a a y i a q i a , i s 4n y 1, .  .  .Ã Ã .i 1 2 1 24
2 n 2 n1s a 1 s 1 y a a q i a y i a , i s 4n. .  .  .Ã Ã .i 1 2 1 24
Thus we have the following correspondences between characters x of
Ã   ..  .RrK given by values a , a as in 11.5 and eigenvalues of s a on 1, for1 2 i
i s 1, . . . , 4n,
11 1 0, y , 0, 0 if n even,2
a sa s1 l 0, y , 0, , . . . ,1 2 12 2 y1, , 0, 0 if n odd,2
11.15 .
11 1 0, y , 0, 1 if n even,2
a s1, a s y 1 l 0, y , 0, , . . . ,1 2 12 2 0, y , 1, 0 if n odd,2
11.16 .
11 1 0, y , 1, 0 if n even,2
a s y 1, a s1 l 0, y , 0, , . . . ,1 2 12 2 0, y , 0, 1 if n odd,2
11.17 .
11 1 y1, , 0, 0 if n even,2
a sa s y 1 l 0, y , 0, , . . . ,1 2 12 2 0, y , 0, 0 if n odd.2
11.18 .
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Now consider the following elements of h:
ny21
¨ s y 2k q 1 a .e , e , e , e 4 , 1 4 kq10 1 2 4 2 ks0
q 2k q 2 a q a q a .  . .4 kq2 4 kq3 4 kq4
q 2n y 1 a q 2na q n a q a , .  .4 ny3 4 ny2 4 ny1 4 n /
ny21
¨ s y 2k q 1 a .e , e , e , e 4 , 2 4 kq10 1 2 4 2 ks0
q 2k q 2 a q a q a .  . .4 kq2 4 kq3 4 kq4
q 2n y 1 a q 2n y 2 a .  .4 ny3 4 ny2
q n y 1 a q a , .  .4 ny1 4 n /
ny21
¨ s 2k a q a q a q 2k q 1 a .  . .e , e , e , e 4 , 3 4 k 4 kq1 4 kq2 4 kq30 1 2 4 2 ks0
q 2n y 2 a q a q a .  .4 ny4 4 ny3 4 ny2
qna q n y 1 a , .4 ny1 4 n /
ny21
¨ s 2k a q a q a q 2k q 1 a .  . .e , e , e , e 4 , 4 4 k 4 kq1 4 kq2 4 kq30 1 2 4 2 ks0
q 2n y 2 a q a q a .  .4 ny4 4 ny3 4 ny2
q n y 1 a q na . . 4 ny1 4 n /
Then, taking inner products between a , i s 1, . . . , 4n, and ¨ , we see thati k
1 1 1 :a , ¨ s 0, y , 0, , . . . , 0, y , 0, 0, 11.19 .i e , e , e , e 4 , 1 2 2 20 1 2 4
1 1 1 :a , ¨ s 0, y , 0, , . . . , y1, , 0, 0, 11.20 .i e , e , e , e 4 , 2 2 2 20 1 2 4
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1 1 1 :a , ¨ s 0, y , 0, , . . . , 0, y , 1, 0, 11.21 .i e , e , e , e 4 , 3 2 2 20 1 2 4
1 1 1 :a , ¨ s 0, y , 0, , . . . , 0, y , 0, 1. 11.22 .i e , e , e , e 4 , 4 2 2 20 1 2 4
A simple calculation yields the following proposition:
PROPOSITION 11.7. Each ¨ , i s 1, . . . , 4, abo¨e has lengthe , e , e , e 4, i0 1 2 4
nr2. That is,
n
 :¨ , ¨ s ; i s 1, 2, 3, 4.e , e , e , e 4 , i e , e , e , e 4 , i0 1 2 4 0 1 2 4 2
TABLE I
q q qd d de , e , e , e 4 e , e , e , e 4 e , e , e , e 40 1 2 4 0 5 6 1 0 7 1 3
qd a s a s 1 n ' 0 modulo 2 h h he , e , e , e 4 1 2 0 4 n 00 2 3 5
n ' 1 modulo 2 h h1 1
a s 1, a s y1 n ' 0 modulo 2 h h h1 2 4 n 0 4 n
n ' 1 modulo 2 h h4 ny1 4 ny1
a s y1, a s 1 n ' 0 modulo 2 h h h1 2 4 ny1 1 4 ny1
n ' 1 modulo 2 h h4 n 4 n
a s a s y1 n ' 0 modulo 2 h h h1 2 1 4 ny1 1
n ' 1 modulo 2 h h0 0
qd a s a s 1 n ' 0 modulo 2 h h he , e , e , e 4 1 2 4 n 0 4 n0 3 4 6
n ' 1 modulo 2 h h4 ny1 4 ny1
a s 1, a s y1 n ' 0 modulo 2 h h h1 2 0 4 n 0
n ' 1 modulo 2 h h1 1
a s y1, a s 1 n ' 0 modulo 2 h h h1 2 1 4 ny1 1
n ' 1 modulo 2 h h0 0
a s a s y1 n ' 0 modulo 2 h h h1 2 4 ny1 1 4 ny1
n ' 1 modulo 2 h h4 n 4 n
qd a s a s 1 n ' 0 modulo 2 h h he , e , e , e 4 1 2 0 4 n 00 4 5 7
n ' 1 modulo 2 h4 ny1
a s 1, a s y1 n ' 0 modulo 2 h h h1 2 4 n 0 4 n
n ' 1 modulo 2 h1
a s y1, a s 1 n ' 0 modulo 2 h h h1 2 4 ny1 1 4 ny1
n ' 1 modulo 2 h0
a s a s y1 n ' 0 modulo 2 h h h1 2 1 4 ny1 1
n ' 1 modulo 2 h4 n
qd a s a s 1 n ' 0 modulo 2 h h he , e , e , e 4 1 2 4 n 0 4 n0 6 7 2
n ' 1 modulo 2 h1
a s 1, a s y1 n ' 0 modulo 2 h h h1 2 0 4 n 0
n ' 1 modulo 2 h4 ny1
a s y1, a s 1 n ' 0 modulo 2 h h h1 2 1 4 ny1 1
n ' 1 modulo 2 h4 n
a s a s y1 n ' 0 modulo 2 h h h1 2 4 ny1 1 4 ny1
n ' 1 modulo 2 h0
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12. THE FINAL MATCH-UP
As promised, we now give an explicit pairing of our modules for the pair
of automorphisms dq and dq afforded by the relationshipe , e , e , e 4 e , e , e , e 40 1 2 4 0 2 3 5
sdq sy1 s dq . Notice that Theorem 11.2 tells us to matche , e , e , e 4 e , e , e , e 40 1 2 4 0 2 3 5
Ãvectors ¨ with characters x on the center of LrK which yield the same
sequence of eigenvalues. To this end, we compare the eigenvalues given by
 .  .  .  .11.15 ] 11.18 with those given by 11.19 ] 11.22 . Using this information,
one need only check in which shifted coset of L in L0 the corresponding
eigenvectors lies in order to establish the desired pairing.
Though we have only given the calculation for one pair of automor-
phisms, we record the correspondences for all possible pairs in Theorem
12.1 below.
THEOREM 12.1. Table I pairs modules that are isomorphic. We ha¨e
indicated the modules V by a coset representati¨ e of L in L0; and theh, v
T Ã  .modules V by characters of LrK such that k acts as y1 as gi¨ en in 11.5 .L
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